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Abstract: The discovery of colour-kinematic duality has led to significant progress in the
computation of scattering amplitudes in quantum field theories. At tree level, the origin of
the duality can be traced back to the monodromies of open-string amplitudes. This construc-
tion has recently been extended to all loop orders. In the present paper, we dissect some
consequences of these new monodromy relations at one loop. We use single cuts in order
to relate them to the tree-level relations. We show that there are new classes of kinemati-
cally independent single-cut amplitudes. Then we turn to the Feynman diagrammatics of the
string-theory monodromy relations. We revisit the string-theoretic derivation and argue that
some terms, that vanish upon integration in string and field theory, provide a characterisa-
tion of momentum-shifting ambiguities in these representations. We observe that colour-dual
representations are compatible with this analysis.ar
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1 Introduction
It is truly surprising that, more than sixty years after the basic principles of quantum field
theory have been spelled out, we continue to discover profound facts about its perturbative
expansion. The discovery of colour-kinematic duality [1, 2], for instance, provided a new
way to organise the perturbation theory, which reveals a network of relationships between a
variety of gauge, gravity and scalar field theories.
As a consequence of this duality, the number of independent tree-level colour-ordered
amplitudes for n gluons turned out to be (n− 3)!, whereas colour structure alone gives (n−
2)! [3]. This aspect of the duality is beautifully explained via string theory by the monodromy
properties of open-string amplitudes [4–6] and also in a Feynman-diagram context [7]. The
duality holds in various settings [8–16] and up to the fourth loop order [17, 18]. However,
its extension to all orders [2] remains conjectural, and a modified implementation including
contact terms has been proposed [19] to tackle the five-loop question, similar in spirit to the
construction of [5].
In [20] two of the present authors have generalised the open-string monodromy relations
to the multi-loop case and proposed corresponding explicit formulae. That construction
generalised some relations for one-loop integrands made earlier in [21–25]. Implications for
the colour-kinematic duality itself were left open: the purpose of this paper is to study some
of these at the one-loop level.
We start by formulating in section 2 a different formulation of the monodromy relations,
based on single cuts of field and string theory amplitudes. This leads us to some relations
between regularised forward tree-amplitudes, somehow similar to these of [26, 27] based on
the Cachazo, He and Yuan formalism (CHY) [28, 29]. These relations involve the forward
limit of the so-called momentum kernel [30]. The equivalence between this formulation and
the one of [20] is shown later on in section 4. Our main results are the following:
• We compute the co-rank of the momentum kernel in the forward limit: it increases from
(n−1)! to (n−1)!+(n−2)!+2(n−3)! independent regulated (n+2)-point forward tree
amplitudes. We identify three classes of independent tree amplitudes in the forward
limit. These classes play a role in amplitudes where non-planar cuts are needed.
• We derive the forward monodromy relations from the monodromies in string theory.
We re-interpret these monodromies, which actually produce exact integrand relations
in the field-theory limit, by providing a precise form for the ambiguities that vanish
upon integration in field theory. We explain the connection between such relations and
the Bern-Carrasco-Johansson (BCJ) identities for forward tree amplitudes.
• We further show on a few examples how these integrand relations are always satisfied
if a colour-dual representation1 of the loop amplitude exists. This is bootstrapped up
1 Colour-kinematic duality [1, 2] requires that the kinematic numerators of a gauge-theory amplitude satisfy
(or can be massaged to satisfy) the same algebraic relations as their corresponding colour factors, for example,
kinematic Jacobi identities. The duality-satisfying amplitude representation is then called colour-dual.
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to a consistency constraint on the form a string-theoretic integrand that would produce
colour-dual kinematic numerators. We observe the natural appearance of higher-order
Jacobi-type relations.
We also present two appendices. In appendix A we give details on the way to perform
the forward limit. In appendix B, we check that the monodromy relations hold to the first
order in α′ for open-string at one loop. At the same time we solve the apparent discrepancy
between the results of [20] and [31] by showing that it amounts to the different definitions
of the branch cuts of the complex logarithms. Once this is taken into account, agreement is
obtained.
2 Single cut of one-loop amplitudes in field and string theory
2.1 Single cut and forward tree amplitudes
In this section we discuss the reconstruction of one-loop amplitudes from single cuts. In the
process we set up our conventions for the rest of the paper.
In any local unitary quantum field theory, for any number of spacetime dimensions,
the Feynman Tree theorem [32, 33] expresses one-loop amplitudes as integrals of tree-level
amplitudes. The theorem prescribes to sum over all possible ways of cutting an internal
propagator. Its application to construct one-loop amplitudes [34] can be aided by using
MHV vertices [35]. In [36] it was further shown that a one-loop amplitude can be obtained
by integration of the single-cut amplitude over a special contour. This amounts to a change
of the iε-prescription in the propagator, which is equivalent to the Feynman Tree theorem
and is the basis of the “loop-tree” duality method [36–40].
Moreover, in [41–43] it was shown how a QCD amplitude can be calculated by taking
single cuts in D = 4− 2. We follow the logic of these works for relating one-loop amplitudes
and their single cuts.
Consider a colour-stripped n-point amplitude in D dimensions,
A(1)n (p1, . . . , pn) =
∫
d−D`
N (`)∏n−1
i=0 di
, di = (`+ p1...i)
2 −m2i + iε, (2.1)
with ε > 0, p1...k := p1 + · · · + pk, and the momentum conservation condition is p1...n = 0.
The loop measure is defined by ∫
d−D` :=
∫
dD`
(2pi)D
. (2.2)
The single-cut operator δPdi acts by replacing, in the integrand of the one-loop integral, the
propagator di between the legs pi and pi+1 by the operator 2piδ
(+)((` + p1...i)
2 − m2i ) =
2piδ((`+ p1...i)
2 −m2i )θ((`+ p1...i)0), so that
δPdiA
(1)
n (p1, . . . , pn) :=
∫
d−D` 2piδ(+)(di)A1-cutn+2 (`+ p1...i, pi+1, . . . , pn+i,−(`+ p1...i)), (2.3)
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where the single-cut amplitude reads
A1-cutn+2 (`+ p1...i, pi+1, . . . , pn+i,−(`+ p1...i)) =
N (`)
d0d1 · · · di−1di+1 · · · dn−1 . (2.4)
By shifting the loop momentum we rewrite the cut propagator as di = `
2 − m2i and the
single-cut operator of one-loop integral reads
δPdiA
(1)
n (p1, . . . , pn) =
∫
d−D` 2piδ(+)(`2 −m2ρ(i))A1-cutn+2 (`, pi+1, . . . , pn+i,−`), (2.5)
where the external-particle labels are understood modulo n.
The one-loop amplitude is also expressible in terms of irreducible numerators [44]:
A(1)n (p1, . . . , pn) =
∑
r
∑
i1<···<ir
∫
d−D`
∆i1,...,ir(`)
di1 . . . dir
, (2.6)
where the index r runs over all possible irreducible topologies. For instance, in D = 4 − 2
we have r = 5 for pentagons, r = 4 for boxes, r = 3 for triangles, r = 2 for bubbles
and r = 1 for tapdole integral functions [45, 46]. Each irreducible numerator ∆i1,...,ir is
obtained by computing residues on the locus of vanishing of its corresponding r propagators,
di1 = · · · = dir = 0 [47, 48]. There are up to n!r!(n−r)! massive r-gon integral functions in an
n-point amplitude.
The single cut of a one-loop amplitude with propagator di removed then decomposes as
A1-cutn+2 (`+ p1...i, pi+1, . . . , pn+i,−(`+ p1...i)) =
∑
r
∑
i<i1<···<ir−1
∆i,i1,...,ir−1(`)
di1 . . . dir−1
. (2.7)
In other words, only the master integrals that have a propagator between the legs pi and
pi+1 contribute to the single cut. Such a single-cut amplitude can be further cut to gradually
obtain all its irreducible numerators. In this sense the knowledge of the single cuts of a
one-loop amplitude allows to reconstruct it in full [41–43].
It is tempting to identify a single cut A1-cutn+2 (`, p1, . . . , pn,−`) with the colour-stripped tree-
level amplitude Atreen+2(`, p1, . . . , pn,−`) in the forward limit, summed over the particle crossing
the cut. However, such a forward limit is divergent. Indeed, if we choose to parametrise the
(n+ 2) on-shell momenta with a complex parameter z such that the last two momenta
q2 = pn+1(z) −−−→
z→0
−`, q1 = pn+2(z) −−−→
z→0
`, (2.8)
depend linearly on z, then there are two types of singular contributions:
1. single cuts of bubbles on external legs contain 1/(q1 + q2 + pi)
2 −−−→
z→0
O(1/z),
2. single cuts of massless tadpoles, depending on the propagator structure, such diagrams
diverge as 1/(q1+q2)
2 −−−→
z→0
O(1/z2), or even as 1/((q1+q2)2(q1+q2+pi)2) −−−→
z→0
O(1/z3).
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Figure 1. Wave-function renormalisation and tadpole graphs divergent in the forward limit.
The corresponding diagrams are depicted in figure 1 (also see e.g. [49, §7.1]). Neither of these
divergences can arise from the single cut, because they correspond to cuts of the propagator
renormalisation or wave-function renormalisation of external legs. Such divergences cancel
in supersymmetric gauge theories [34, 50, 51]. Nevertheless, they are present in forward tree
amplitudes simply at the level of Feynman graphs.
One could in principle remove such diagrams [52, 53], at the expense of losing gauge
invariance. Another way is to regularise the forward limit [43] and then extract the regular
part of (n+ 2)-point tree-level amplitude:
Atreen+2(`, p1, . . . , pn,−`+ zqˆ) =
α3
z3
+
α2
z2
+
α1
z
+ Aˆtreen+2(`, p1, . . . , pn,−`) +O(z). (2.9)
The precise value of Aˆtreen+2 depends on how the forward limit is taken and is therefore scheme-
dependent. The forward-limit parametrisation that we use in the massless case is detailed
in appendix A. However, it is clear that if we compute any unitarity cut corresponding to a
non-zero topology by cutting any further propagators, then the divergent contributions and
any scheme dependence will be projected out. In other words, such contributions have zero
physical cuts. Therefore, we are allowed to identify the regularised finite part of the forward
tree amplitudes with the single cut of the propagator d0 = `
2 + iε = 0. We thus have a
decomposition for the state-summed forward tree∑
h
(−1)2hAˆtreen+2(`h, p1, . . . , pn,−`h¯) =
∑
r
∑
i1<···<ir−1
∆0,i1,...,ir−1(`)
di1 . . . dir−1
. (2.10)
Taking residues of the forward tree amplitude with respect to the loci di1 = di2 = di3 = 0
then gives the numerators ∆0,i1,...,i3(`), in the same way as the conventional quadruple cut [47]
defined by d0 = di1 = di2 = di3 = 0 of the one-loop amplitude. Similarly, residues with respect
to the loci di1 = di2 = 0 match the triple cuts defined by d0 = di1 = di2 = 0, and so on. All
the information about the irreducible numerator of the one-loop amplitude is contained in its
(regularised) forward tree amplitudes.
The forward tree amplitude Aˆtreen+2 in eq. (2.10) lacks contributions from the one-loop
integral functions that do not contain the propagator d0 between p1 and pn. There are hence
only (n−1)!r!(n−r−1)! irreducible numerators for r-gons in a given ordered forward amplitude. Of
course, the full set of one-loop numerators (and the integral coefficients therein) is recovered
by considering all the external-leg permutations of forward tree amplitudes.
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2.2 Single cut of one-loop string amplitudes
Cutkosky rules in superstring field theory have been recently revisited in [54, 55], but not
from a worldsheet perspective. In this section we aim at doing so, as it will be needed later
in section 4.
Intuitively, it is clear a single cut of a one-loop string theory diagram should produce a
diagram with tree-level topology and two additional states. So we start by inserting a cutting
operator in a one-loop open-string amplitude of the form (`2 − m2)δ(`2 − m2) Θ(`0). We
will then prove how this forces the integration of the moduli of the annulus to localise onto
the pinched annulus, which is a disk with two points identified. In the ambitwistor formula-
tion [56–58] of the CHY formula [28, 29], this localisation is automatically implemented by
the loop-level scattering equations [59–61]. For us here, the process is different — we really
look specifically at the cut of a string amplitude.
We start with a generic bosonic open-string amplitude in the representation where the
loop momentum is not integrated [62] (the notation and conventions follow [20])
A(α|β) =
∫ ∞
0
dt
∫
d−D`
∫
∆α|β
dn−1ν e−piα
′t`2−2ipiα′`·∑ni=1 pi νi
×
∏
1≤r<s≤n
f(e−2pit, νr − νs)× e−α′pr·psG(νr−νs),
(2.11)
where the domain of integration ∆α|β is the union of the domains of integration specified
by 0 ≤ =m(να(1)) ≤ · · · ≤ =m(να(p)) = t for <e(νi) = 0 and t ≥ =m(νβ(p+1)) ≥ · · · ≥
=m(νβ(n)) ≥ 0 for <e(νi) = 12 . The non-zero mode part of the Green’s function is given by
G(ν) = − log ϑ1(ν|it)
ϑ′1(0)
= − log sin(piν)
pi
− 4
∑
n≥1
qn
1− qn
sin2(npiν)
n
, (2.12)
where we have set q = exp(−2pit). Note that since we have introduced the loop momentum,
there is no zero-mode contribution to this Green’s function.
Now we consider the insertion of the single-cut operator α′`2δ(α′`2) Θ(`0) := α′`2δ(+)(α′`2)
in the integrand, and we shall show that the integration localises at the pinched surface, which
is given by the infinitely long annulus for which t = ∞. In the one-loop amplitude with the
insertion of the single-cut operator,
A(α|β)proj :=
∫
d−D`
∫ ∞
0
dt
∫
∆α|β
dn−1ν e−piα
′t`2−2ipiα′`·∑ni=1 piνi × α′`2δ(+)(α′`2)
×
∏
1≤r<s≤n
f(e−2pit, νr − νs)× e−α′pr·psG(νr−νs),
(2.13)
the second line has a q-expansion due to the excited string modes propagating in the loop.
Formally, integrating over the νi variables leads to an expression of the form
A(α|β)proj =
∫
d−D`
∫ ∞
0
dt α′`2δ(+)(α′`2)
∑
n≥0
cn(t) e
−piα′`2t−2pint. (2.14)
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We can then reabsorb the loop-momentum dependence of the exponential by rescaling the
proper time t:
A(α|β)proj =
∫ ∞
0
dt
∫
d−D`
∑
n≥0
α′`2δ(+)(α′`2)
α′`2 − 2n cn
(
t
α′`2 − 2n
)
e−pit. (2.15)
The delta-function insertion projects the integral on the n = 0 sector,
A(α|β)proj =
∫ ∞
0
dt
∫
d−D` δ(+)(α′`2) c0
(
α′t
α′`2
)
e−pit. (2.16)
This final expression is identical to what would have happened if we had chosen the
leading term O(1) term in the q-expansion. This is effectively equivalent to having set q =
0 ⇔ t = +∞ in the one-loop single-cut string integrand, which eventually proves our initial
claim.
3 Momentum kernel in the forward limit
In this section we study the monodromy relations satisfied by the colour-stripped forward
tree-level amplitudes in gauge theory.
3.1 Momentum kernel
Colour-stripped open-string disc amplitudes (denoted by a calligraphicA) satisfy the following
fundamental monodromy relation [63] (with pr···s =
∑s
i=r pi)
Atreen+2(p1, p2, . . . , pn+2) +
n+1∑
i=2
eiα
′p1·p2···iAtreen+2(p2, . . . , p1︸︷︷︸
position i
, . . . , pn+2) = 0. (3.1)
Such relations, obtained by circulating a single momentum pi, generate all the monodromy
relations between the open string amplitudes [4–6]. The external states can be massive or
massless, because, as explained in [64], monodromy relations between tree amplitudes are
generic properties common to any tree amplitude independently of the details of the theory.
From now we set q1 = pn+2 and q2 = pn+1. These momenta can be massless or massive
and satisfy the momentum conservation relation
p1 + · · ·+ pn = −q1 − q2. (3.2)
The amplitudes being real, taking the real and imaginary part of (3.1) simply amounts
to taking cosines or sines from the phases. In the limit of infinite string tension, α′ → 0, one
obtains relations between colour-ordered field theory amplitude A(q1, p1, . . . , pn, q2) and its
external-leg permutations.
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The leading order-α′ contribution of the real part of (3.1), using that cos(α′p · q) ' 1,
leads to the photon-decoupling identities
Atreen+2(q1, p1, p2, . . . , pn, q2) +
n+1∑
i=2
Atreen+2(p2, . . . , p1︸︷︷︸
position i
, . . . , pn, q2, q1) = 0, (3.3a)
Atreen+2(q1, p1, p2, . . . , pn, q2) +
n+1∑
i=2
Atreen+2(p1, . . . , q1︸︷︷︸
position i
, . . . , pn, q2) = 0. (3.3b)
Furthermore, since sin(α′p ·q) ' α′p ·q, the imaginary part of (3.1) at leading order in α′ leads
to so-called fundamental BCJ relations [65] that imply the full range of the BCJ kinematic
relations [1] between gauge-theory amplitudes. Circulating the momentum p1
n∑
i=1
p1 · (q1 + p2···i)Atreen+2(p2, . . . , p1︸︷︷︸
position i
, . . . , pn, q2, q1) = 0, (3.4)
or circulating q1
n∑
i=1
q1 · p1···iAtreen+2(p1, . . . , q1︸︷︷︸
position i+1
, . . . , pn, q2) = 0, (3.5)
and circulating q2
q2 · q1Atreen+2(q1, q2, p1, . . . , pn) +
n−1∑
i=1
q2 · (q1 + p1···i)Atreen+2(p1, . . . , q2︸︷︷︸
position i+1
, . . . , pn, q1) = 0. (3.6)
These relations generate all the monodromy BCJ relations satisfied by the colour-ordered
amplitudes. The resulting equations are concisely rewritten using the momentum-kernel
formalism [30]. The power of this formalism is that in addition to the BCJ relations it
provides simultaneous and gauge-invariant treatment of the KLT construction [66] for gravity
amplitudes out of gauge-theory amplitudes. Because of the two marked momenta q1 and q2
we have three kinds of momentum kernels and corresponding kinematic relations.
• Monodromy relations acting only on an external momentum pi and neither q1 nor q2:∑
σ∈Sn
S[σ(1, . . . , n)|β(1, . . . , n)]q2Atreen+2(q1, σ(p1, . . . , pn), q2) = 0, (3.7)
where Sn is the set of permutations of n elements, β is any permutation of legs 1, . . . , n,
and the sum runs over all permutations σ of these legs. The momentum kernel S is
– 8 –
given by [30, 67, 68]2
S[σ(1, . . . , n)|β(1, . . . , n)]q :=
n∏
i=1
(
q · pσ(i) + Θi(σ, β)
)
, (3.8)
where the quantity Θi(σ, β) is defined by
Θi(σ, β) =
n∑
j=i+1
θ
(
σ(i), β(j)
)
pσ(i) · pβ(j). (3.9)
Here θ(i, j) is 1 if the ordering of the legs i and j is opposite in the sets {i1, . . . , ik} and
{j1, . . . , jk} and 0 if the ordering is the same. Moreover, the reference momentum q
should not belong to the set {1, . . . , n}, hence Θi(σ, β) does not depend on q1.
• The monodromy relations acting on one of the special momentum, say q1,∑
σ∈Sn
S[σ(q1, 2, . . . , n)|β(q1, 2, . . . , n)]q2Atreen+2(p1, σ(q1, p2, . . . , pn), q2) = 0. (3.10)
• The monodromy relations moving both special momenta q1 and q2∑
σ∈Sn
S[σ(q2, q1, 2, . . . , n−1)|β(q2, q1, 2, . . . , n−1)]p1Atreen+2(pn, σ(q2, q1, p2, . . . , pn), p1) = 0.
(3.11)
3.2 Forward limit of the fundamental monodromy relation
Now we consider the forward limit of the monodromy relation (3.7). It is obtained by taking
the limit q1 + q2 → 0 so that p1 + · · ·+ pn → 0. We set q1 → ` and q2 → −`. Care must be
exercised when taking the forward limit as the tree amplitudes can develop divergences.
If the forward limit is parametrised by a parameter z → 0, the discussion of section 2.1
implies that the tree amplitude develops at most third-order poles in z:
lim
z→0
Atreen+2(q1, p1, . . . , pn, q2) =
α3
z3
+
α2
z2
+
α1
z
+ Aˆtreen+2(`, p1, . . . , pn,−`) +O(z). (3.12)
The momentum kernel is a polynomial in the loop momentum. It does not have poles and
has a z-expansion of at most second order in z for fundamental monodromy relations, and
2 There is some freedom in the expression for the momentum kernel due to the various different ways of
organising the KLT relation between closed-string amplitudes and open-string amplitudes [66]. In this work
we follow the contour deformation used in [30] which leads to flip in the ordering of the legs in the right-moving
amplitude compared to the left moving amplitude as given in [30, eq. (2.16)]. A different ordering of the leg
in the right-moving amplitude will result in a different form for the momentum kernel as used for example
in [29, 69, 70]. These different forms are equivalent since they lead to the equivalent linear relations between
the colour-ordered gauge theory amplitudes, and the same gravitational amplitudes.
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at most of the order z2n for the momentum kernel in eq. (3.8). The forward limit of the
monodromy relation (3.7) reads(
S(`) + zS(1)(`) + z2S(2)(`) + z3S(3)(`) +O(z4)
) (α3
z3
+
α2
z2
+
α1
z
+ Aˆtreen+2 +O(z)
)
= 0,
(3.13)
leading to the system of equations
S(`)α3 = 0, (3.14a)
S(`)α2 + S(1)(`)α3 = 0, (3.14b)
S(`)α1 + S(1)(`)α2 + S(2)(`)α3 = 0, (3.14c)
S(`) Aˆtree + S(1)(`)α1 + S(2)(`)α2 + S(3)(`)α3 = 0. (3.14d)
The last equation shows that the finite part of forward tree amplitude satisfies an inho-
mogeneous monodromy relation of the form
S(`) Aˆtreen+2 = Rn+2(`). (3.15)
where Rn+2 is defined in terms of the S(i) and αi. For the case of the fundamental BCJ
monodromy relation we have
n∑
i=1
p1 · (`+ p2···i) Aˆtreen+2(p2, . . . , p1︸︷︷︸
position i
, . . . , pn,−`, `) = Rn+2(p1, . . . , pn, `), (3.16)
with equivalent statements, mutatis mutandis, for the forward limits of (3.10) and (3.11).
Since the modified relation (3.16) depends on the regularisation used to extract the
finite part, we need to analyse the effect of the regularisation on the monodromy relations.
As explained in section 2.1, the residues of the regularised forward tree amplitudes give
the same residues from the multiple cut of the one-loop amplitude. The right-hand side
of the regularised monodromy relation (3.16) does not contribute the residues because the
divergences arise only from the tadpole and wave-function renormalisation contributions in
figure 1. Therefore the monodromy relations between the various residues and thus the
irreducible numerators are independent of the regularisation and non-ambiguous.
It is interesting to note that there exists a regularisation for which Rn+2(p1, . . . , pn, `) = 0.
This is the one used for the partial amplitudes a(p1, . . . , pn,−,+) in [26, 27, 60] which are
regulated using the Q-cut prescription [71] or the CHY prescription [60, 72, 73]. It is shown
in these works that the partial amplitudes satisfy the fundamental BCJ monodromy rela-
tions (3.4) with a vanishing right-hand side. Moreover, N = 4 super-Yang-Mills amplitudes
are completely free of forward-limit singularities [34, 50, 51]. From now on we will assume
that our forward tree amplitudes are regularised in the way that preserves the form of the
fundamental BCJ relations.
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3.3 Fundamental monodromy relations at one loop
Now we assume that the fundamental monodromy relations in eq. (3.4) (and its permutations)
hold for the forward tree amplitudes:
n∑
i=1
p1 · (`+ p2···i) Aˆtreen+2(p2, . . . , p1︸︷︷︸
position i
, . . . , pn,−`, `) = 0, (3.17a)
n∑
i=1
` · p1···i Aˆtreen+2(p1, . . . , `︸︷︷︸
position i+1
, . . . , pn,−`) = 0, (3.17b)
n−1∑
i=1
` · (`+ p1···i) Aˆtreen+2(p1, . . . , −`︸︷︷︸
position i+1
, . . . , pn, `) = −`2 Aˆtreen+2(`,−`, p1, . . . , pn). (3.17c)
Since at one loop there are only two special legs, with the incoming and outgoing loop
momentum, one can find monodromy relations amongst single cuts of planar graphs only.
The forward limits of the monodromy relations in eqs. (3.17b) and (3.17c) mix single cuts of
planar and non-planar amplitudes. But since one can always express the field-theory non-
planar amplitudes as a combination of planar amplitudes [74], we do not have to study these
equations in too much detail. Of course, at higher loops the non-planar contributions cannot
be avoided [20].3
An explicit solution of the monodromy relations between tree amplitudes expressing the
amplitudes Aˆtreen+2(`, α, p1, β,−`) in the minimal basis of (n − 3)! amplitudes with leg 1 next
to `, Aˆtreen+2(`, p1, γ,−`), can be read off from [1, eq. (4.22)]:
Aˆtreen+2(`, α, p1, β,−`) =
∑
σ∈S(α)β
Aˆtreen+2(`, p1, σ,−`)
|α|∏
i=1
F`(σ, αi)
s`α1...αi
, (3.18)
where α is a short-hand notation for the permutations of the external legs pα(2), . . . , pα(r), β for
the permutations of the external legs pβ(r+1), . . . , pβ(n). The sum is over the permutations γ
running over the shuffle products between β and the permutations of α. There are at most
(n − 1)! terms in the expansion in agreement with the dimension of the minimal basis for
colour-ordered amplitudes. The kinematic factor F`(σ, α(i)) is given by
F`(σ, αi) = −s1αi −
∑
σj∈σi∩(αi∪β)
sαiσj −

−s`α1...αi−1 if σ−1αi−1 < σ−1αi < σ−1αi+1
s`α1...αi if σ
−1
αi−1 > σ
−1
αi > σ
−1
αi+1
s`αi +
∑
αj∈αi sαiαj if σ
−1
αi > σ
−1
αi−1 , σ
−1
αi+1
0 else
 . (3.19)
3The integrand monodromy relations in string theory [20, 31] relate planar and non-planar amplitudes by
distributing the external legs on the various boundaries of the open-string amplitude. It should be noted that
these relations do not change the master topology of the open-string vacuum graphs but just the position of
the external legs inside a given topology.
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Here by σ−1α(i) we denote the position of leg α(i) in the set σ, and σ
i and σi are the subsets
of σ comprising the elements that precede or follow α(i), respectively. The special cases for
non-existent elements of α as follows
σ−1α(0) := σ
−1
α(2), σ
−1
α(|α|+1) := 0. (3.20)
Here we have adapted the expression given in [1] to render the dependence on legs `
and −` explicit. Other colour-ordered amplitudes are mapped to the minimal basis by a
combination of Kleiss-Kuijf relations [3, 75] and the monodromy relation given above. Note
that although this solution’s denominators are not divergent in the forward limit, this is not
true for the entirety of the momentum kernel.
3.4 Forward limit of the momentum kernel
In the forward limit where q1 = −q2 = ` so that p1 + · · · + pn = 0, the momentum-kernel
relation (3.8) is a polynomial of degree n in ` of degree at most linear in each ` · pi with
1 ≤ i ≤ n,
S(`)σ,β := S[σ(1, . . . , n)|β(1, . . . , n)]` =
n∏
i=1
(
` · pσ(i) + Θi(σ, β)
)
, (3.21)
where Θi(σ, β) is defined in (3.9), and it is important that this quantity does not depend on
the momentum `. Since in the forward limit the reference momentum is ` and permutations
are acting on all the n other external legs, we use a short-hand matrix notation S(`)σ,β.
In the forward limit, we find that due to the kinematical constraint p1 + · · · + pn = 0
the momentum kernel degenerates, and its rank decreases. For massless momenta p2i = 0 we
computed numerically that
dim Ker(S(`)) = (n− 3)! (n2 − 2n+ 2) = (n− 1)! + (n− 2)! + 2(n− 3)!, (3.22)
see table 1. Moreover, we find the same dimension for the forward limit of the full momentum
kernel in string theory
Sα′(`) =
n∏
i=1
sin
(
α′ (` · pi + Θi(σ, β))
)
. (3.23)
We propose the following interpretation. There are (n + 2)! different orderings of the
amplitudes including the permutations of the special forward legs ` and −`. In the forward
limit some monodromy transformations vanish and leave more independent amplitudes char-
acterised by the position of these special legs. Before taking the forward limit one expresses
all colour-ordered amplitudes as a linear combination of elements in the basis composed of
Atreen+2(q1, p1, α, q2), where α ∈ Sn−1 is the set of permutations of n − 1 elements. In the
forward limit this basis is composed of the single cuts of planar one-loop graphs
Bn−1(α) := Aˆtreen+2(`, p1, α,−`), α ∈ Sn−1. (3.24)
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n 4 5 6 7 8 9 generic n
dim Ker Sn+2|q 6 24 120 720 5040 40320 (n− 1)!
dim Ker S(`) (3.21) 10 34 156 888 6000 46800 (n− 3)!(n2 − 2n+ 2)
dim Ker S (3.26) or (3.27) 2 4 12 48 — — 2(n− 3)!
Table 1. Dimension of the kernel of the momentum kernel at n+ 2 points and in the forward limit.
The first line gives the dimension of the kernel before taking the forward limit. We have numerically
checked the rank for n = 4, 5, 6 and 7. Since dim Ker (3.21)/(n− 3)! cannot be more than a quadratic
polynomial, three numerical points are enough to confirm the formula.
Normally, for any choice of three momenta k1, k2 and k3 amongst {q1, q2, p1, . . . , pn}, any
colour-ordered tree amplitude Atreen+2(k1, α, k2, β, k3, γ), where the disjoint union of the permu-
tations α, β and γ runs over the the permutation of n− 1 momenta Sn−1, can be expanded
in the minimal basis Atreen+2(k1, k2, σ, k3), using a combination of Kleiss-Kuijf relations [3, 75]
and the BCJ mapping given in [1, eq. (4.22)].
In the forward limit one needs to make the forward momenta special, and the choice of
the three fixed momentum affects the monodromy relations. Some forward tree amplitudes
become independent, depending whether the forward loop momenta are fixed or not. This is
due to the vanishing of some coefficients in the monodromy relations. This happens when the
BCJ map in [1, eq. (4.22)] develops a pole. The following two classes of regularised forward
tree amplitudes cannot be related by a BCJ transformation to the element of basis (3.24)
Bn−2(α) := Aˆtreen+2(`, p1, α,−`, pn), α ∈ Sn−2, (3.25a)
B1n−3(α) := Aˆ
tree
n+2(p1, p2, α, `,−`, pn), α ∈ Sn−3,
B2n−3(α) := Aˆ
tree
n+2(p1, p2, α,−`, `, pn), α ∈ Sn−3,
(3.25b)
There are (n−1)! elements in eq. (3.24), (n−2)! elements in eq. (3.25a) and 2(n−3)! elements
in eq. (3.25b). The sum of these dimensions equals to the one given in eq. (3.22). Notice that
all the forward amplitudes in the sets Bn−1(α), B1n−3(α, ) and B2n−3(α) arise from the single
cut of planar one-loop amplitudes. The amplitudes in the set Bn−2(α) arise from the single
cut of non-planar one-loop amplitudes.
The dimension in eq. (3.22) provides an upper bound on the number of partial one-loop
amplitudes. For purely gluonic amplitudes in QCD andN = 4 super-Yang-Mills amplitudes at
one loop, the planar cuts are enough. We can always consider single cuts that can be expressed
on the minimal basis (3.24). For amplitudes with multiple flavoured matter particles in the
fundamental representation, it is not yet entirely clear if non-planar cuts may be avoided as
well. It would be interesting to determine the interplay with colour-kinematics duality for
fundamental matter [10, 13] and understand if some single cuts need to be expressed in the
basis (3.25a)–(3.25b). For instance, the Kleiss-Kuijf relations [3, 10, 13, 75] on non-planar
cuts involve the planar cuts in (3.25b). We note, as well, that the monodromy relations at
higher-loop mix planar and non-planar cuts.
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For the amplitude relation (3.10) the momentum kernel is
S[−`, 2, . . . , n|β(−`, 2, . . . , n)]` =
(
−`2−
n∑
i=2
` ·pi θ(1, i)
) n∏
i=2
(
` ·pi+
n∑
j>i
pi ·pj θ(i, j)
)
(3.26)
and for the relations (3.11) the momentum kernel is
S[`,−`, 3, . . . , n|β(`,−`, 3, . . . , n)]p1 =
n∏
i=3
(
p1 · pi +
n∑
j>i
pi · pj θ(i, j)
)
×
(
p1 · `− ` · ` θ(1, 2) +
n∑
j=3
` · pjθ(1, j)
)(
− p1 · `−
n∑
j=3
` · pj θ(2, j)
)
. (3.27)
We recall that θ(i, j) is defined below eq. (3.9). We find that both these momentum kernel
have dimension 2(n − 3)!. This is the dimension of the basis of amplitudes in B1n−3(α) and
B2n−3(α) in (3.25b).
3.5 Monodromy relations and one-loop coefficients
The monodromy relations imply that we can express the forward tree amplitudes in the
minimal basis of forward tree amplitudes B = {Btreer (`)}
Aˆtreen+2(σ(`, p1, . . . , pn,−`)) =
dim(B)∑
r=1
cσr (`)B
tree
r (`). (3.28)
The coefficients cσr (`) are explicitly known by solving the solving the monodromy relations
(cf. [1, eq. (4.22)]).
The dimension of the kernel of the momentum kernel S(`) in (3.21) gives an upper
bound on the dimension of the minimal basis dim(B) ≤ (n − 3)!(n2 − 2n + 2). The forward
tree amplitudes Aˆtreen+2(`, σ(p1, . . . , pn),−`) can be expressed in the basis (3.24) of dimension
(n− 1)!. This is enough for the single cuts of planar one-loop amplitudes.
We have explained in section 2.1 that the forward tree amplitudes contain all the in-
formation about the irreducible one-loop numerators ∆i1,...,ir(`). Therefore the number of
independent one-loop irreducible numerators is given by the number of independent numer-
ators in the minimal basis of forward tree amplitudes. Each of the numerators contains a
one-loop integral coefficient that is non-spurious. So far our analysis provides an upper bound
on the number of one-loop integral coefficients, it would be interesting to refine this analy-
sis to obtain the optimal number of kinematically independent coefficients along the lines
of [76, 77].
4 Field-theory monodromy relations from string theory
In this section, we turn to the one-loop string-theory monodromies of [20] and their field-
theory incarnation [21, 22], see also [78].
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In the previous sections we have studied the kinematic relations on single-cuts obtained
from the monodromies of forward tree-amplitudes. In section 4.1 we re-derive the forward-tree
monodromies starting from the string-theory loop-monodromies. In section 4.2, we describe
an important consequence of the string theory monodromies concerning the colour-kinematic
duality. First we explain how they actually give exact information about integrands even
before integration. We do this as a first step toward a better control over the ambiguities in
the labelling of the loop momentum when considering integration-by-parts identities [79–82].
We then illustrate this point by explaining how the BCJ relations are compatible with these
field-theory monodromy relations obtained from string theory.
4.1 Loop integrand monodromy versus forward-amplitude monodromies
The field-theory limit of the integrand relations in string theory leads to the relations that
were previously derived using field-theory techniques in [21, 22]. The first-order string-theory
contributions are discussed in detail in appendix B.
The one-loop fundamental monodromy relations between planar and non-planar open
string integrands, A(pi1 , . . . , pir) and A(pi1 , . . . , pir |pi1 , . . . , pis) reads
n−1∑
i=1
eipiα
′p1·(
∑i
j=1 pj)A(p2, . . . , p1︸︷︷︸
position i
, . . . , pn) = e
−ipiα′`·p1A(p2, . . . , pn|p1). (4.1)
It was argued in [20] at the first order in α′ these relationship lead to the one-loop planar
integrand relations in field theory
n−1∑
i=1
p1 · (`+
i∑
j=1
pj) I(p2, . . . , p1︸︷︷︸
position i
,. . . , pn) ≈ 0. (4.2)
The notation “≈ 0” means that, in field theory, the relations are valid up to contributions
that vanish upon integration of the loop momentum [21, 22]. We show in section 4.2.1 that the
string-theoretic construction actually determines the form of the terms in the right-hand side
of eq. (4.2). This implies that the relations can be thought of as exact integrand relationships.
At this stage, eq. (4.2) seems different from the forward tree monodromy relation (3.17a).
The latter involves n terms, whereas the former contains only n− 1. So, first of all, we need
to show how to relate both constructions.
The derivation of the monodromy relations in [20] was based on applying Cauchy’s theo-
rem to the open-string integrand in a loop momentum representation (crucial for holomorphy).
We shall use the example of a five-point amplitude where 1 is circulated around the worldsheet
boundary. The contour we study is pictured in the left-hand side of figure 2.
At this point, strictly speaking we depart from the computation of [20]. We will follow
the same reasoning, but applied to the single-cut of the one-loop amplitude, instead of the
full string amplitude. These were defined in section 2 by the insertion of a δ(+)(`2) operator.
We proved there that this induces the annulus to become an infinitely long strip. Via the
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ν → x = e2ipiν
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x
Figure 2. Mapping of the annulus to the plane with x = e2ipiν in the t→∞ limit. In the reduction
of the blue contour onto the real axis, a singularity at x = 0 is encountered.
exponential map ν 7→ x = exp (2ipiν), we send the strip to a portion of the upper-half plane,
as shown in figure 2. The segments of the integration contour are therefore also mapped on
the upper-half plane.
The substance of the original monodromy-relations came from the vertical integration
contours. In the present five-point planar example in eq. (4.1), the <e(ν) = 0 contour gives
rise to (pi · pj)-type phases in contrast with the <e(ν) = 1/2 contour C, which gives phases
dependent on the loop momentum. However, since we now consider the monodromies of
the single cut integrand, i.e. with the δ(+)(`2) function inserted, the boundary terms have a
different fate than in [20].
4.1.1 String-theoretic boundary terms
The original string theory monodromies were based on discarding the A and B contours.
This was justified because the two integrals only differ by a shift in the loop momentum.
Namely, denoting I(`) the integrand of the string amplitude A being integrated along the
closed contour, it was shown in [20] that
I(`)∣∣
A
= I(`+ p1)
∣∣
B
. (4.3)
These terms vanish after integration over the loop momentum. We explicitly checked in [20]
for N = 4 super-Yang-Mills that the numerators produced by the loop-momentum pre-factors
in eq. (4.2) cancel box propagators pairwise and produce six triangles, which cancel pairwise
after a shift of the loop momentum.
Disregarding this cancellation, the application of Cauchy’s theorem on the closed contour
of figure 2 actually says that the left-hand side of eq. (4.2) is given by the difference of two
terms that differ only by a shift in the loop momentum. That property obviously descends
to the field-theory limit α′ → 0. We study the consequence of this fact later in section 4.2.1.
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x` = 0 x2 x3x5 = 1 x4 x−` = +∞
x5
x`
x−`
x2
x3
x4C ′
Figure 3. The right-hand side integration contour of Figure 2 is equivalent to the one on the left-hand
side here, which is equivalently represented in a disk picture on the right.
Note that the loop momentum arising in the string amplitude in (2.11) has a global
definition, given by the integral along the a-cycle [62]
`a :=
∮
a
∂X =
∫ 1
2
0
∂X
∂ν
dν, (4.4)
with a similar definition at higher genus order. As was emphasised in [20], this means the
string-theory limit induces a global definition of the loop momentum across all the Feyn-
man graphs produced in this limit. This phenomenon is also observed in ambitwistor-string
constructions [59–61].
4.1.2 Recovering the single-cut monodromy relation
To finish connecting the two monodromy relations (3.17a) and (4.2), we need to deform the
contour of figure 2 down to the real axis. No singularity is present at x = −1, while one is
present at 0 and the contours A and C can be turned into the contours A′ and C ′ of figure 3.
The contour B vanishes as a consequence of onshellness and momentum conservation (which
guarantees SL(2,R)-invariance of the whole integral). This actually tells us that we are truly
on the projective line and that the contour C ′ connects the puncture at x = 0 and x = +∞
as shown in the disk representation on the right-hand side of figure 2.
Notice that two additional states with momentum ±` appear at x = 0,+∞. This intuitive
fact is easily derived by inspection of the degeneration of the one-loop Koba-Nielsen factor of
string theory when t→ 0. In essence, such a computation is exposed in [59–61].
What we have shown so far is that, starting from a five-point amplitude (the example
used here), we obtained five blue contours in figure 3 that correspond to the five terms from
the circulation of the vertex operator 1 in the fundamental monodromy relation (3.17a).
However, the one-loop monodromy relation in (4.2) had only four terms. The resolution of
this apparent contradiction goes as follows.
Our starting point was actually not the original string-theory monodromies, but the
monodromies of the projected amplitude (2.13) with the insertion of the single-cut operator
δ(+)(`2). This term does not affect the phases, but it does break the freedom to shift the loop
momentum to cancel out the integral between the contours A and B. Adding the onshellness
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Figure 4. Left-hand side: boundary terms along contours A and B as defined in figure 2. Right-hand
side: conjectured corresponding types of one-loop graphs. Notice the loop-momentum shift.
and momentum conservation condition, we see that the contribution from the contour B
drops out, and the contour A gives an additional term that connects x = 0 to x = 1. One
can then check that the phases of the momentum kernel, and the different terms match.
This concludes the proof of the correspondence between the string-theory monodromies
and the forward monodromies.
4.2 Dissecting the field theory limit of the string theory monodromies
In this section we present two refinements of the string-theory monodromies. First, we com-
ment on the inner structure of planar and non-planar diagrams arising from the string theory
computation. Then we elaborate on the role of boundary terms from the string-theoretic
perspective. This will allow us to describe the BCJ-compatibility of the string-theory mon-
odromies in section 4.3.
To our knowledge these results are new and should be seen as an important refinement
of the field-theory monodromies originally discovered in [21, 22].
4.2.1 Role of boundary terms
Let us come back to the interpretation of the string-theory monodromies in the light of the
observation made in section 4.1.1. What we explained in eq. (4.3) and below was that the
terms in the right-hand side of the string-theory monodromies needed to be of the form
F (`+ p1)− F (`).
Here we would like to motivate the following conjecture: the role of these terms is to
accomodate for the fact that when the so-called “BCJ-moves” are done around a loop, a shift
of the loop momentum needs to be made in the last move. This conjecture is motivated by
the graphical argument that follows, and by the explicit examples in field theory at four and
five points presented in section 4.3.
From before, we know that the terms that integrate to zero in the string theory mon-
odromies come from the A and B contour integrals in figure 2. In the field-theory limit, we
conjecture that these graphs need to appear as pinched contributions. Intuitively the reason-
ing is clear, and exposed in figure 4. The drawing shows that the difference between the A
and B contours results in graphs with a pinched propagator, that only differ by a shift of the
loop momentum. In string theory, the shift arises because the loop momentum jumps when
a puncture goes through the a-cycle on which it is defined, see eq. (4.4).
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An actual extraction of the field theory limit to all loops, in the spirit of the “string-based
rules” [74, 83–86], would be interesting but very technical in nature and is outside of the scope
of this paper. Such a computation should however prove two properties.
First, that these graphs, coming from the A and B contours, appear at order α′. This is
required by the fact that the integrand monodromy relations coming from string theory come
at order O(α′). On dimensional grounds, it is clear that such pinched-terms contribute at
order in α′: the pinching of 1 and n removes a propagator 1/(α′p2), therefore it contributes
at order α′, even though it is a purely field-theoretic contribution.
Relatedly, the second part of the computation is to check that no ’triangle’-type graphs
are generated in the process (i.e. graphs where a propagator of the form 1/(p1 · pn). This
is important because the momentum factor in the denominator has an inverse power of α′
that would make these terms contribute at O(1). Of course, because of the generic functional
form F (`+ p1)− F (`), these terms would still cancel after integration, even if present.
4.2.2 Planar versus non-planar refinement
In this section we clarify the connection of the string-theory monodromy relations (4.2) to
the colour-kinematic duality. The result we present is that they can be rewritten as
I[(1, 2, . . . , n)+
n−1∑
i=2
[
(` ·p1)I[(2, . . . , i, 1, i+1, . . . , n)+(p1 ·p2...i)I(2, . . . , i, 1, i+1, . . . , n)
]
≈ 0,
(4.5)
where the ≈ sign indicates again that the relation is valid modulo terms of the form F (` +
p1)− F (`) that integrate to zero. Let us explain this new form of the monodromy relations.
The “flattened” integrand I[ is defined as follows. Start from the non-planar one-loop
string integrand I(2, . . . , n; 1) with leg 1 on one boundary and the other states on the other
boundary. The traditional way of obtaining the integrand monodromies is to use the U(1)-
decoupling relations of [45] to rewrite this non-planar contribution as a sum of planar contri-
butions. The outcome are the integrand relations we talked about that involve only planar
integrands.
Instead of doing this, we will use the antisymmetry of the cubic vertices of the graphs
entering the non-planar integrand in order to write them in a planar fashion. The sum
of these graphs, for a particular ordering (2, . . . , i, 1, i + 1, n), constitutes the term we call
I[(2, . . . , i, 1, i + 1, n). The existence of such a representation, involving only graphs with
antisymmetric cubic vertices, can be justified using the string-based rules [74, 83–86]. From
the string-theoretic perspective, the idea is that the integrand can always undergo a succession
of integrations by parts which allows to reduce it to a sum of only trivalent graphs. (For more
details on this, see the review of the worldline formalism [86].) This is related to the fact that
in string theory, gauge invariance is enforced differently than with the usual Feynman rules
and does not require contact terms but only BRST closure of the expressions [87].
The peculiarity of the graphs entering I[(2, . . . , i, 1, i + 1, n) is that the leg 1, being
attached to the other colour trace, can never belong to an external tree attached to the loop.
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Figure 5. Triangles obtained by bringing ν2 close to ν3, or to ν1. The latter is not possible for the
upper vertex configuration, in which ν1 is on the other boundary of the annulus.
= −
Figure 6. The antisymmetry of the three-point vertex converts non-planar contributions to planar.
This is obvious from the string-theoretic perspective as well: the regions of integration giving
rise to such trees are those for which a pair of punctures νi and νj become infinitesimally
close. This can not happen for the leg 1, which is always on the opposite side of the annulus.
This reasoning is illustrated in figure 5.
This definition implies that
lim
α′→0
I(2, . . . , n; 1) = −
n∑
i=1
I[(p2, . . . , p1︸︷︷︸
position i
, . . . , pn), (4.6)
where it is understood that I[ has no subtrees of the form of the lower one on the right-most
side of figure 5. Since there is only one vertex to flip, this only results in a global sign.
Let us denote by I(σ) the field-theory integrands coming from planar contributions, these
with (pi · pj)-type phases in the string-theory version and hence (pi · pj) factors in the field-
theory limit. Similarly, we call I[(σ) the integrands coming from non-planar contributions
but made planar using the antisymmetry of the three-point vertex for leg 1, as in figure 6.
The important point we want to make is that these receive only phases of the form (` · pi),
or similar factors in the field-theory limit. Together with the previous considerations, this
justifies the refined monodromy relation (4.5).
Below we dissect this relation and the role the boundary terms (which vanish after inte-
gration) in the case of a generic four-point amplitude.
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4.3 BCJ-compatibility of the string theory monodromies
It was already observed in [21] that the integrand relations are satisfied at four points by
N = 4 super-Yang-Mills. Shortly after [20], an n-point proof that BCJ representations
satisfy the string theory monodromies was given in [24, 25]. For the sake of illustrating the
refinements that were made in the previous section, we analyse the most general case of any
massless theory that can be obtained as a limit of open-string theory.
4.3.1 Four-point case
Let us consider the refined monodromies (4.5) in the four-point case:
(` · p1)I[(1, 2, 3, 4) + (` · p1)I[(2, 1, 3, 4) + (` · p1)I[(2, 3, 1, 4)
+(p1 · p2)I(2, 1, 3, 4) + (p1 · p23)I(2, 3, 1, 4) ≈ 0.
(4.7)
We assume a cubic representation for the integrands composed of boxes, triangles and massive
bubbles, i.e. the four-point topologies that do not integrate to zero in dimensional regulari-
sation. Note again that I[(σ) lacks some of the diagrams present in I(σ) — those with the
special leg 1 in a massive corner of a triangle or a bubble represented in the first line of (4.8).
We rewrite (4.7) by separating these contributions from the integrands of I(2, 1, 3, 4) and
I(2, 3, 1, 4) in the second line and regroup the remaining pieces, I[(2, 1, 3, 4) and I[(2, 3, 1, 4)
with the corresponding ones from the first line
(` · p1)I[(1, 2, 3, 4) + ((`+ p2) · p1)I[(2, 1, 3, 4) + ((`+ p23) · p1)I[(2, 3, 1, 4) (4.8)
+(p1 · p2)
[
I(2, 1, 3, 4)− I[(2, 1, 3, 4)
]
+ (p1 · p23)
[
I(2, 3, 1, 4)− I[(2, 3, 1, 4)
]
≈ 0.
We can rewrite the kinematic coefficients in the first line as differences of propagators:
2(`·p1) = (`+p1)2−`2, 2(`+p2)·p1 = (`+p12)2−(`+p2)2, 2(`+p23)·p1 = (`−p4)2−(`−p14)2.
(4.9)
The cubic expansion for the monodromy relation (4.7) is then
0 ≈ s12I
[
3
4
1
2 `
+
1
2
3
4`
+
3
4
1
2 `
+ `+p2
3
42
1
]
− s14I
[
42 `
3 1
+
2 4`
3 1
+
42 `
3 1
+ `+p2
42
3 1
]
+[(`+p1)
2− `2]I
[ 3
41
2
`
+
3
41
2
`
+
1
2 3
4`
]
+ [(`+p12)
2− (`+p2)2]I
[ 3
4
1
2 `
+
3
4
1
2 `
+ `+p2
3
4
1
2
]
+ [(`−p4)2− (`−p14)2]I
[ 3
4
1
2 `
+
42 `
3 1
+ `+p2
42
3 1
]
. (4.10)
Remember that, although eq. (4.10) may seem gauge-dependent, its invariance is guaranteed
by the U(1)-decoupling identity [74, eq. (6.4)],
I[(1, 2, 3, 4) + I[(2, 1, 3, 4) + I[(2, 3, 1, 4) = −I(2, 3, 4; 1). (4.11)
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Now we can collect terms with the same loop propagator structure. Some of them turn out
to correspond to massless bubbles, so we omit them; the remaining ones are
0 ≈ 1
`2(`+p12)2(`−p4)2
{
n
(
3
41
2
`
)
− n
(
3
4
1
2 `
)
+ n
(
3
4
1
2 `
)}
− 1
(`+p1)2(`+p12)2(`−p4)2 n
(
3
41
2
`
)
+
1
`2(`+p2)2(`+p23)2
{
n
(
3
4
1
2 `
)
− n
(
42 `
3 1
)}
+
1
`2(`+p2)2(`−p4)2
{
n
(
3
4
1
2 `
)
− n
(
3
4
1
2 `
)
+ n
(
1
2
3
4`
)}
+
1
s12`2(`+p12)2
{
n
(
3
41
2
`
)
− n
(
3
4
1
2 `
)
+ n
(
3
4
1
2 `
)}
− 1
s23(`+p1)2(`−p4)2 n
(
1
2 3
4`
)
+
1
s23`2(`+p23)2
{
n
(
42 `
3 1
)
− n
(
42 `
3 1
)}
+
1
s24(`+p2)2(`−p4)2
{
n
(
`+p2
3
4
1
2
)
− n
(
`+p2
42
3 1
)
+ n
(
`+p2
3
42
1
)}
.
(4.12)
We immediately see that the cubic numerators organise themselves into triplets related by
kinematic Jacobi identities. Note that in the second and fifth lines, one should shift the
loop-momentum in one of the diagrams to reconstruct the correct Jacobi relations.
This is completely consistent with the exact-integrand relationship picture from string
theory. In section 4.1 we explained that the right-hand side of eq. (4.7) has to be composed of
terms of the form F (`−p1)−F (`), if the integrand relationship was written in a representation
that is obtainable from the string-based rules. Here we see that only the terms which involve
a loop momentum shift of the form `→ `− p1 fail to constitute exact BCJ triplets.
From what we obtained in field theory, it seems that we can actually go further and
constrain the form of string representations that would produce BCJ numerators.
Let us assume that we have one, and write down the refined monodromy relations, as
in (4.12). All the BCJ triplets that do not involve a loop-momentum shift vanish, and we
are left with those which involve a shift. They ought to equal the terms coming from the
A,B contours in the left-hand side; this constitutes a universal constraint on string-theoretic
representations of BCJ numerators.
4.3.2 Five-point case
At higher points, distinct loop propagator structures appear with more than three cubic
numerators. For example, the residue structure of the one-mass triangle (2, 3, 451) is shared
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by the following numerators:
− 1
s45(`+ p1)2(`+p12)2(`−p45)2n
( 3
41
2
`
5
)
+
1
`2(`+p2)2(`+p23)2
{
1
s45
n
(
`
5
3
4
1
2
)
+
s12+s13
s23
[
1
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n
(
4
2 `
3 1
5
)
+
1
s14
n
(
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5
1
4
)]
+
s12+s13+s14
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3
5
4
1
)
+
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n
(
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3
5
4
1
)]}
(4.13)
=− 1
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5
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4
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3 1
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+
1
s23`2(`+p2)2(`+p23)2
{
n
(
4
2 `
3 1
5
)
+ n
(
2 `
3
5
4
1
)
− n
(
2 `
3
5
4
1
)}
.
We performed the full five-point computation, and checked a few higher-point examples
which support this claim. In these cases, we could verify that such expressions correspond to
linear combinations of Jacobi identities.
This is consistent with the analysis of [24, 25] where it was shown that a colour-dual
representation at n points always satisfies the string-theory monodromies. However, no
higher-point n-plets appeared in this analysis. This is possibly a consequence of their use
of the multiperipheral representation of the colour factors of [75]. It would be interesting to
understand this point in more detail.
5 Discussion
In this work we have studied the kinematic monodromy relations on single cuts of one-loop
amplitudes in gauge theory. These relations are derived from the monodromy relations on the
regularised forward tree amplitudes. We have explained that the regularisation does not affect
the consequences of the monodromy relations for the irreducible one-loop numerators. We
have checked that the monodromy relations are always satisfied by colour-dual numerators,
in agreement with the analysis of [24, 25].
The string-theoretic construction of [20] and the two-loop field-theory relations [23] show
that higher-loop monodromy relations mix planar and non-planar sectors in interesting new
ways. Indeed, the tree-level BCJ relations have already been used for a two-loop integrand
calculation at full colour in [88]. Moreover, they have been seen to reduce the number of
independent one-loop coefficients in [76, 77]. We look forward to these techniques converging
to a systematic tool for multi-loop computations.
We have explained that the string-theory monodromy relations are exact relations, and
their field-theory limit gives extra relations. This is due to the specific definition of the loop
momenta in string theory. This approach gives a definite form for the terms that integrate
to zero on the right-hand side of the field-theory relations. Precise control of the terms
that are ambiguous in field-theoretic constructions will certainly be useful for deriving the
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consequences of the monodromy relations at loop orders in field theory. One other interesting
application is the determination of well adapted classes of momentum-shifting identities for
integration-by-parts identities [79–82]. For instance, it was found in [89] that a certain class of
such contributions simplified the study of ultraviolet divergences in half-maximal supergravity.
Finally, a comment on the co-rank of the momentum kernel. We found it to be given by
(n−1)!+(n−2)!+2(n−3)!. Presumably, these relations can be interpreted in cohomological
terms in the way of [90]. The counting differs from the number of solutions to the degenerate
forward-tree scattering equations at one loop, which is (n−1)!−2(n−2)! [59, 72, 73, 91] and
it would be really interesting to clarify the connection between the two quantities.
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A Forward limit parametrisation
If we start with on-shell momenta p1 +p2 + · · ·+pn = 0, we may deform the first two of them
linearly in complex parameter z in one of the following ways:
p1(z) =
(|1〉+ z|η1〉)[1|, p2(z) = (|2〉+ z|η2〉)[2|, (A.1a)
p1(z) =
(|1〉+ z|η1〉)[1|, p2(z) = |2〉([2|+ z[η˜2|), (A.1b)
such that p2i (z) = 0 are preserved. We thus obtain p1(z)+p2(z)+p3+· · ·+pn ≡ −zq for either
q =−|η1〉[1| − |η2〉[2| or q =−|η1〉[1| − |2〉[η˜2|. The next step is to define on-shell momenta
q2 = pn+1(z) and q1 = pn+2(z) linearly dependent on z, such that
pn+1(z) + pn+2(z) = zq, pn+1(z = 0) = −`, pn+2(z = 0) = `. (A.2)
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We do this using the following generic solution for the Weyl spinors:
λn+1α (z) =
−a
(
q1 − iq2 + b(q0 − q3))+ z(q · q)
q0 + q3 + b(q1 + iq2)
a
 , λ˜n+1α˙ (z) =
(
1
b
)
, (A.3)
λn+2α (z) =

(
q1 − iq2 + b(q0 − q3))(a+ z(q1 + iq2))
q0 + q3 + b(q1 + iq2)
−a− z(q1 + iq2)
 , λ˜n+2α˙ (z) =
 1ab− z(q0 + q3)
a+ z(q1 + iq2)
 .
B One-loop monodromies in open string
In this appendix we specify and develop some aspects of the open-string monodromies of [20].
We discuss how at one loop the original derivation [20] is related to the approach of the
subsequent work [31].
B.1 Prescription for monodromies and complex logarithm
The most notable difference between the approaches of [20] and [31] is the choice of branch
cuts for the Green’s function. In [20] the branch cuts follow the boundary of the annulus
and never cross its interior, as depicted in figure 7(a). This is an immediate generalisation
of the choice made for the tree-level monodromy relations [4–6]. In [31] the cuts are chosen
to go through the worldsheet in a maximal number of ways (see figure 7(b)), thus requiring
to deal with a variety of additional small contours of integration. Moreover, the definition of
the logarithm in [20] does not require the introduction of bulk terms in the absence of closed-
string operator insertions, to the contrary of the prescription used in [31]. Most importantly,
converting one prescription to another leads to identical results.
B.2 String theory one-loop monodromies at order α′
To illustrate the general picture given above, we now expand the four-point relation given
in [20] to the first order in α′ and find that the monodromy relations are satisfied. The
presented analysis is rather similar to the check of the monodromy relation studied in [31].
B.2.1 Planar four-point relation
First, we check the validity of the planar four-point relation
A(1, 2, 3, 4) + eipiα′p1·p2A(2, 1, 3, 4) + eipiα′p1·(p2+p3)A(2, 3, 1, 4) +A(2, 3, 4|1)[e−ipiα′`·p1 ] = 0.
(B.1)
The planar amplitudes for four gauge bosons are given by
A(σ(1, 2, 3, 4)) = t8F 4
∫
dD`
∫ ∞
0
dt
∫
∆σ(1,2,3,4)
d3ν
× e−piα′t`2−2ipiα′`·
∑4
i=1 pi νi
∏
1≤r<s≤4
e−α
′pr·psG(νr−νs). (B.2)
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a)
b)
zi zjz
Figure 7. Determination of the complex logarithm on the annulus. The choice in [20] is (a), whereas
the convention of [31] is (b).
The one-loop amplitude is proportional to the colour-ordered tree amplitude t8F
4, where the
t8-tensor is defined in [92, appendix 9.A] and the Green’s function is defined in eq. (2.12).
4
To perform the α′-expansion, we integrate over the loop momentum and set to D = 10 the
critical dimension for open superstring theory5
A(σ(1, 2, 3, 4)) = t8F 4
∫ ∞
0
dt
(α′t)5
∫
∆σ(1,2,3,4)
d3ν
∏
1≤r<s≤4
e−α
′pr·ps(G(νr−νs)+pi(=m(νr−νs))
2
t
),
(B.4)
4The integral is actually divergent from the t ∼ 0 corresponding to the ultraviolet divergences of the planar
open string graph. The one-loop open string amplitudes are finite only after the addition of the non-planar
Moebius and Klein bottle. The amplitude relations are valid for any values of t and are not affected by the
ultraviolet behaviour of the individual graphs.
5We have used the identity
∑
1≤r<s≤n
pr · ps (=m(νr − νs))2 = −
n∑
r,s=1
pr · ps =m(νr)=m(νs) = −
(
n∑
r=1
pr =m(νr)
)2
(B.3)
valid for
∑n
r=1 pr = 0. Notice that this identity does not require that p
2
r = 0.
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where the colour-ordered tree amplitude Atree(2, 3, 4|1) = t8F 4. The non-planar amplitude
has a similar expression
A(2, 3, 4|1)[e−ipiα′`·p1 ] = −t8F 4
∫
d−D`
∫ ∞
0
dt
∫
∆2,3,4|1
d3ν
× e−piα′t`2−2ipiα′`·
∑4
i=1 pi νi−ipiα′`·p1
∏
1≤r<s≤4
e−α
′pr·psG(νr−νs), (B.5)
with <e(ν1) = 12 and <e(νa) = 0 with a = 2, 3, 4. The overall sign arises from the orientation
of boundary on which the vertex operator 1 is integrated. Integrating the loop momentum
leads to
A(2, 3, 4|1)[e−ipiα′`·p1 ] = −t8F 4
∫ ∞
0
dt
(α′t)5
∫
∆2,3,4|1
d3ν
× e ipiα
′
t
p1·
∑4
i=1 pi νi
∏
1≤r<s≤4
e−α
′pr·ps(G(νr−νs)+pi(=m(νr−νs))
2
t
). (B.6)
The integration over ∆2,3,4|1 is defined as 0 ≤ =m(ν2) ≤ =m(ν3) ≤ =m(ν4) = it with
<e(νi) = 0 for i = 2, 3, 4 and <e(ν1) = 12 . Since
G
(
1
2
+ ν
)
= − log ϑ2(ν|it)
ϑ′1(0)
= G(ν) + ∆G(ν), (B.7)
where we have introduced
∆G(ν) = − log cot(piν)− 4
∑
m≥0
q2m+1
1− q2m+1
cos(2pi(2m+ 1)ν)
(2m+ 1)
. (B.8)
Performing the expansion of (B.1) at the first order in α′, as a function of the proper time t,
its integrand reads
ipiα′
(∫
∆2,1,3,4
d3ν p1 · p2 −
∫
∆2,3,1,4
d3ν p1 · p4
)
−
∫
∆2,3,4|1
d3ν
piα′p1 ·
∑4
i=1 pi νi
t
+
∫
∆1,2,3,4∪∆2,1,3,4∪∆2,3,1,4
d3νQ−Q ?= 0, (B.9)
where we introduced the short-hand notation
Q =
∑
1≤r<s≤4
pr · ps
(
G(νr − νs) + pi(=m(νr − νs))
2
t
)
. (B.10)
Using that a consequence of (B.7) allows to re-express the non-planar contribution as a sum
of planar contributions∫
∆2,3,4|1
d3νQ =
∫
∆1,2,3,4∪∆2,1,3,4∪∆2,3,1,4
d3ν (Q−∆Q) , (B.11)
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where
∆Q = p1 · p2∆G(ν1 − ν2) + p1 · p3∆G(ν1 − ν3) + p1 · p4∆G(ν1 − ν4). (B.12)
The contributions from the phases compensate exactly each other because
−
∫
∆2,3,4|1
d3ν
piα′
t
p1 ·
4∑
i=1
piνi = −piα
′t3
6
(p1 · p2 − p1 · p4) (B.13)
is the opposite of
ipiα′
(∫
∆2,1,3,4
d3ν p1 · p2 −
∫
∆2,3,1,4
d3ν p1 · p4
)
=
piα′t3
6
(p1 · p2 − p1 · p4). (B.14)
After cancellation of the integrals of Q using eq. (B.11), the relation (B.9) to prove becomes∫
∆2,3,4|1
d3ν∆Q ?= 0. (B.15)
We compute the integral by first evaluating the contributions to the q-expansion of ∆Q
from q-expansion in ∆G(ν) in eq. (B.8) We find that setting q = exp(−2pit)∫
∆2,3,4|1
d3ν∆Q
∣∣∣q-exp = i p1 · p4{(log q)2
64pi
+
7(log q)ζ(3)
32pi3
+
(log q)2(Li2(q)− Li2(−q))
16pi3
− log q (Li3(q)− Li3(−q))
8pi3
}
.
(B.16)
To evaluate the zero mode, we have made use of the program HyperInt by Erik Panzer [93]
to find∫
∆2,3,4|1
d3ν log(cotpi(ν1 − ν2)) =
log(q)
(
4Li3 (−q)− 4Li3(q) + pi2 log(q) + 7ζ(3)
)
32pi3 i
, (B.17a)∫
∆2,3,4|1
d3ν log(cotpi(ν1 − ν3)) =
log(q)
(
4Li3 (−q)− 4Li3(q) + pi2 log(q) + 7ζ(3)
)
32pi3 i
, (B.17b)∫
∆2,3,4|1
d3ν log(cotpi(ν4 − ν1)) =
(
4Li2(−q)− 4Li2(q) + pi2
)
log2(q)
64pi3 i
. (B.17c)
Summing over these contributions leads to complete cancellation between the integral
over the zero-mode part and the q-expansion in ∆Q, establishing that for all values of the
proper time t ∫
∆2,3,4|1
d3ν∆Q X= 0. (B.18)
This completes the verification of the amplitude relation (B.1) to the first order in the α′-
expansion.
Notice that the vanishing is satisfied for all values of the proper time t, and therefore
there is no need of considering a regularisation of the ultraviolet divergence (for t ∼ 0) of the
annulus graph.
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B.2.2 Non-planar four-point relation
The non-planar n-point monodromy relation is given by6
A(1, 2, . . . , p|p+ 1, . . . , n) +
p−1∑
i=2
eiα
′pip1·p2···iA(2, . . . , i, 1, i+ 1, . . . , p|p+ 1, . . . , n)
−
n∑
i=p
(
e−iα
′pip1·pi+1···n ×A(2, . . . , p|p+ 1, . . . , i, 1, i+ 1, . . . , n)[e−ipiα′`·p1 ]) = 0. (B.19)
We now wish to verify the following non-planar four-point relation:
A(1, 2|3, 4) + eipiα′p1·(p3+p4)A(2|1, 3, 4)[e−ipiα′`·p1 ]
+eipiα
′p1·p4A(2|3, 1, 4)[e−ipiα′`·p1 ] +A(2|3, 4, 1)[e−ipiα′`·p1 ] = 0.
(B.20)
The first non-planar amplitude is given by
A(1, 2|3, 4) = t8F 4
∫
d−D`
∫ ∞
0
dt
∫
∆1,2|3,4
d3νe−piα
′t`2−2ipiα′`·∑4i=1 pi νi ∏
1≤r<s≤4
e−α
′pr·psG(νr−νs),
(B.21)
where ∆12|34 is defined by ν2 = it, 0 ≤ =m(ν1) ≤ t and 0 ≤ =m(ν4) ≤ =m(ν3) ≤ t. We
integrate over the loop momentum to get the expression
A(1, 2|3, 4) = t8F 4
∫ ∞
0
dt
(α′t)5
∫
∆1,2|3,4
d3ν
∏
1≤r<s≤4
e−α
′pr·ps(G(νr−νs)+pi(=m(νr−νs))
2
t
). (B.22)
The next amplitude is
A(2|1, 3, 4)[e−ipiα′`·p1 ] = −t8F 4
∫
d−D`
∫ ∞
0
dt
∫
∆2|1,3,4
d3ν e−piα
′t`2−2ipiα′`·∑4i=1 pi νi−piα′`·p1
×
∏
1≤r<s≤4
e−α
′pr·psG(νr−νs), (B.23)
where the overall sign comes from the contour of integration, and ∆2|1,3,4 is defined by
ν2 = it and 0 ≤ =m(ν4) ≤ =m(ν3) ≤ =m(ν1) ≤ t, with <e(ν2) = 0 and <e(νi) = 12
for i = 1, 3, 4. Equivalent definitions determine the amplitudes A(2|3, 1, 4)[e−ipiα′`·p1 ] and
A(2|3, 4, 1)[e−ipiα′`·p1 ]. Integrating over the loop momentum gives
A(2|1, 3, 4)[e−ipiα′`·p1 ] = −t8F 4
∫ ∞
0
dt
(α′t)5
∫
∆2|1,3,4
d3νe
ipiα′
t
p1·
∑4
i=1 pi νi
×
∏
1≤r<s≤4
e−α
′pr·ps(G(νr−νs)+pi(=m(νr−νs))
2
t
). (B.24)
6We correct a sign mistake in [20] for the non-planar phases. The non-planar cuts were incorrectly deter-
mined to be downward cuts, while in fact they are upward cuts, as pictured in the right column of figure 7(a).
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Like before, integrating out the loop momentum results in phase factors that can be
explicitly computed at first order in α′
∫
∆2|1,3,4∪∆2|3,1,4∪∆2|3,4,1
d3ν
piα′p1 ·
∑4
i=1 pi νi
t
+ipiα′
(∫
∆2|1,3,4
d3ν p1 · p34 +
∫
∆2|3,4,1
d3ν p1 · p4
)
+
∫
∆12|34
d3νQ−
∫
∆2|1,3,4∪∆2|3,1,4∪∆2|3,4,1
d3νQ ?= 0, (B.25)
where Q has been introduced in eq. (B.10). We can rewrite this integral as
∫
∆2|1,3,4∪∆2|3,1,4∪∆2|3,4,1
d3ν
piα′p1 ·
∑4
i=1 pi νi
t
+ipiα′
(∫
∆2|1,3,4
d3ν p1 · p34 +
∫
∆2|3,1,4
d3ν p1 · p4
)
−
∫
∆12|34
d3ν∆Q ?= 0, (B.26)
where ∆Q is defined in eq. (B.12). We then find∫
∆2|1,3,4∪∆2|3,1,4∪∆2|3,4,1
d3ν
piα′
t
p1 ·
4∑
i=1
pi νi =
piα′t3
6
(p1 · p2 − p1 · p4), (B.27a)∫
∆2|1,3,4
d3ν(ipiα′p1 · p34) = −piα
′t3
6
p1 · p2, (B.27b)∫
∆2|3,1,4
d3ν(ipiα′p1 · p4) = piα
′t3
6
p1 · p4, (B.27c)
therefore we see cancellation of the phase factors in the first line of eq. (B.26). For the second
line we find for the q-expansion of ∆Q∫
∆1,2|3,4
d3ν∆Q|q−exp = −ip1 · p2 log(q)
2
64pi3
(
3
2
ζ(2) + Li2(q)− Li2(−q)
)
− ip1 · p2 log(q)
64pi3
(
−7
4
ζ(3) + Li3(q)− Li3(−q)
)
, (B.28)
which is cancelled against the constant terms from ∆Q. Hence we arrive at∫
∆1,2|3,4
d3ν∆Q X= 0, (B.29)
which proves the identity (B.26).
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